We study the existence of solutions to generalized variational and generalized quasi-variational inequalities with discontinuous operators. We obtain results which generalize and extend previously known theorems. We also compare our new continuity condition on the operator in the variational inequality to previously used continuity conditions. We then apply our results to generalized variational inequalities which involve pseudo-monotone operators. ᮊ 1997 Academic Press
I. INTRODUCTION
In the last thirty years the study of variational inequalities has gained importance in analysis from both the theoretical and the applications Ž . points of view. The classical variational inequality problem, VI K, f , can be stated as follows:
Given a linear topological vector space X , with dual X *, and duality ² : pairing и , и : X * = X ª ‫,ޒ‬ K ; X , and f : K ª X *, find an w x ² :
xg Ksuch that f x , u y x G 0 for all u g K 14 .
Ž . 
² :
Find x g G x such that f x , u y x G 0 for all u g G x .
Ž . Ž . Ž . The quasi-variational inequality was first studied as a problem of evolution w x associated with control theory by Bensoussan Much of the study of variational inequalities centers upon finding conditions on the space X, the set K, and the mappings F and G which will ensure existence of a solution to the inequality. In this paper we will be proving existence results for generalized variational and generalized quasi-variational inequalities where the operator F is not continuous. We will then compare our more general condition on the operator F to continuity conditions which have been used by other authors. Lastly, we will apply our results to generalized variational inequalities involving pseudo-monotone operators.
II. PRELIMINARIES
If A is a set of a topological vector space X then we will denote the Ž . Ž . Ž Ž .. Ž closed convex hull of A by co A co A , the interior interior with . Ž .Ž . respect to K ; X of A by int A int A , the closure in X of A by A, K and the closure of A with respect to a subset K ; X by cl A. If X is a K Ž . metric space then we will denote the closed ball about x g X of radius ⑀ where each T is a compact subset of X. If X is a locally convex n topological vector space and K is a convex almost -compact set then without loss of generality we can assume that the T are increasing, i.e., n T ; T for all n g ‫,ގ‬ and that each T is also convex. This follows n n q 1 n Ž . w x because co T j иии j T ; K is compact and convex 21 . Let X and Y be topological spaces and F be a set valued map from X Ä Ž . 4 into Y. The domain of F is defined by dom F s x g X: F x / . We will denote a set valued map from X into Y with dom F s X by writing 
is lower semicontinuous on D.
Following Browder 4᎐6 , we say a mapping F: K ª 2 is pseudo-Ä 4 monotone if for any sequence x in K converging weakly to an element n Ä 4
Ž . x g K and for any sequence y in X * with y g F x , for each n g ‫,ގ‬ 0 n n n for which ² :
It is important to note that the element y in F x depends on the choice 
ii G is a lower semicontinuous mapping with a closed graph and nonempty con¨ex¨alues.
If in addition F x is also weak* compact and con¨ex then there
By Lemma 2.4, we see that G is lower semicontinuous on K. By Lemma j 2.2, we see that the mapping G defined by 
We will proceed by supposing that the domain of H s K and arrive at a
and N y be an
Ž .
If y g G x , then since G is lower semicontinuous on K, there exists Ž .
Ž . w x then let w , w g H x and consider w s ␣ w q 1 y ␣ w , ␣ g 0, 1 .
Clearly w g G x , since G x is convex, and we have
Ž . Ž . Thus w g Q x and hence H x is convex.
j j
Now since K ; X, X is a separable Banach space, X is perfectly normal Ž . every closed subset of X is a G set , and H has nonempty, convex 
By the definition of H , we must have that
which is a contradiction. Therefore, dom
Ž . and G x / for all x g K, we must have that s H x s Q x for j j some x g K and x g G x . Since the j above was arbitrary, we now have
Ž . Ž . G x , w ª w , and G is closed, then w g G x and thus x g G x .
We claim that x is our solution. 
Since x ª x and w ª w and Gr L is closed then Ž . 
semicontinuous, has a closed graph on C = C, and nonempty con¨ex¨alues. 
Now we consider two cases:
Ž . Ž . In our next theorem, condition ii , and its generalizations, has been w x used by many authors 7, 9᎐12, 24, 25 . We will refer to this condition as the Karamardian Condition. Note that Theorem 3.5 is an extension of Theorem 3.1.
THEOREM 3.5. Let X be a separable Banach space and K be a nonempty closed con¨ex subset of X. Suppose F: K
ª 2 X * , G: K ª 2 K
is a closed seẗ alued map with nonempty, con¨ex¨alues, and C is a nonempty compact con¨ex subset of K such that the following hold:
Ž . such that y, z y x -0 for all y g F x .
Ž .
iii There is a compact con¨ex subset B ; K such that C ; int B.
semicontinuous from B into 2 
which is a contradiction. Thus x f C and by condi-
Thus we have that Yao's Condition assumption iii of . Theorem 3.4 is satisfied with the compact convex subset B and hence we can apply Theorem 3.4 to get the result.
IV. COMPARISON OF CONTINUITY CONDITIONS
Certainly the results in Section III are not the first attempts by mathematicians to remove the condition of continuity on the operator F. In this section we examine various continuity conditions on the mapping F which have been used by other authors. In particular, we will be interested in how these continuity conditions compare to our assumption that the operator L has a closed graph in K = K which is used in our theorem. We first state the conditions we will be interested in examining. Unless otherwise stated, we will assume that X is a real Hausdorff topological vector space, K ; X, F: K ª 2 X * , and G: 
Ž . 3 The interaction set
Ž . 5 The mapping B defined in Condition 2 has closed values.
Ž .
6 F is an upper semicontinuous set valued map from the strong topology on K to the strong topology on X *.
7 F is an upper semicontinuous set valued map from the strong topology on K to the weak* topology on X *.
² : 8 The mapping x ¬ inf y, x y w from K into ‫ޒ‬ is a lower
semicontinuous function for each w g K.
² :
Ž . Conditions 1 and 2 appear in this paper. All of the other conditions Ž . Ž . have been used by previous authors. For instance, conditions 3 and 8 w x w x appear in 22 . We note that in the statement of 22, Theorem 3 we can replace the assumption that F is an upper semicontinuous set valued map Ž . w x with the more general assumption 8 provided X is a normed space 18 .
Ž . w x Ž . Ž . w x Condition 4 has appeared in 7, 20 while conditions 5 and 9 are in 9 .
Ž . Ž . Lastly, conditions 6 and 7 are the classic upper semicontinuity condiw x tions on F 17, 20 . We now compare these conditions via Theorem 4.1 w x which we will state without proof. For proof see 18 . We also note that Ž some of the statements in Theorem 4.1 are true in a less restrictive i.e., . non-Banach space X. We also present a diagram of these comparisons in 
V. APPLICATIONS TO PSEUDO-MONOTONE OPERATORS
We begin with the following lemma which ties our results to variational inequalities with F being a pseudo-monotone mapping. Ä 4x Theorem 7.8, with T ' 0 by dropping the continuity on finite dimensional subspaces condition and adding the condition that the set K is almost -compact. Since in a separable Banach space any closed set is an almost -compact set, then our Theorem 5.2 is a direct generalization of Browder's theorem in the case that X is separable. Theorem 5.2 also w x extends a theorem 23, Theorem 2 for monotone operators which are continuous from line segments to the weak* topology on X * to bounded Ž . i.e., mapping bounded sets to bounded sets noncontinuous pseudomonotone operators in the case that X is separable. THEOREM 5.2. Let X be a reflexi¨e Banach space, K a con¨ex almost -compact subset of X, and F: K ª 2 X * such that the following hold:
i F is a pseudo-monotone mapping which maps bounded sets to bounded sets and has con¨ex, weak* compact¨alues.
Ž .
ii F is coerci¨e, i.e., there is an z g K such that This implies x cannot be a solution to the variational inequality. In the case that our space X is finite dimensional or our set K is locally compact, then the coercivity condition will imply the Karamardian condition with Ž . Ä 5 54 the set B 0; R l K where R s max R , z . In our last theorem we 2 2 1 0 employ the Karamardian condition in a general Banach space. Note that we are able to drop the reflexivity requirement on the space X and that we only require the mapping F to be sequentially bounded. As an easy corollary to this theorem we can get a result, for the case when K is locally Ž . compact or X is finite dimensional and the operator F is coercive, which does not assume the space X is reflexive. THEOREM 5.3. Let X be a Banach space, K a con¨ex, almost -compact subset of X, and F: K ª 2 X * such that the following hold:
i F is a pseudo-monotone mapping which is sequentially bounded and has weak* compact¨alues.
ii F satisfies the Karamardian condition, i.e., there is compact subset C ² : of K such that for e¨ery x g K _ C there is a z g C such that y, x y z ) 0 Ž . for all y g F x .
² : Then there is an x g K such that inf y, x y u F 0 for all 
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